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Abstract
We consider Higgs bundles satisfying a notion of numerical flatness (H-nflatness) that
was introduced in [5, 4], and show that they have Jordan-Ho¨lder filtrations whose quotients
are stable, locally free and H-nflat. This is applied to show that curve semistable Higgs
bundles on simply connected Calabi-Yau manifolds have vanishing discriminant.
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1 Introduction
Let X be a smooth complex projective variety of dimension n ≥ 2. We say that a vector
bundle E on X is curve semistable if for every morphism f : C → X, where C is a smooth
projective irreducible curve, the pullback f∗E is semistable. After the results presented in
[13, 5], it turns out that curve semistable vector bundles can be characterized as follows.
Theorem 1.1. The following conditions are equivalent:
(i) the vector bundle E is curve semistable;
(ii) E is semistable with respect to some polarization H, and ∆(E) ·Hn−2 = 0, where ∆(E)
is the characteristic class (discriminant)
∆(E) = c2(E) −
r − 1
2r
c1(E)
2 ∈ H4(X,Q)
and r = rkE;
(iii) E is semistable with respect to some polarization H, and ∆(E) = 0.
Remark 1.2. This Theorem implies that if a vector bundle has vanishing discriminant, then
it is semistable with respect to a polarization if and only if it is semistable with respect to all
polarizations. △
If E = (E,φ) is a Higgs bundle — i.e., a vector bundle E equipped with a morphism
φ : E → E ⊗ Ω1X such that the composition
φ ∧ φ : E
φ
−→ E ⊗ Ω1X
φ⊗id
−−−→ E ⊗ Ω1X ⊗ Ω
1
X → E ⊗ Ω
2
X (1)
vanishes — we may say again that E is curve semistable if all pullbacks f∗E are semistable
as Higgs bundles. While conditions (ii) and (iii) are equivalent also in this setting, and they
imply condition (i), as it was proved in [5, 4], it is not clear if condition (i) implies the others.
Therefore we state this fact as a conjecture.
Conjecture 1.3. A curve semistable Higgs bundle E has vanishing discriminant.
(The fact that a curve semistable Higgs bundle E is semistable with respect to any po-
larization is quickly proved using the “easy” direction of the Mehta-Ramanathan restriction
theorem, see e.g. [16].)
After [7], we say that a smooth projective variety X is a Higgs variety if this conjecture
holds on it. What is known so far about the characterization of Higgs varieties is what follows:
• smooth projective varieties whose tangent bundle is numerically effective are Higgs [7];
• K3 surfaces are Higgs [6];
• varieties related to a Higgs variety by some standard geometric constructions, such as
e´tale coverings, and others, are Higgs; see [7] for details.
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The main result of this paper is to show that simply connected Calabi-Yau manifolds of all
dimensions are Higgs varieties, generalizing [6], where this was proved for K3 surfaces. This
will be accomplished by proving an equivalent version of the Conjecture 1.3, which is stated
in terms of a class of Higgs bundles that have been called Higgs numerically flat (for short,
H-nflat) [5, 4]; the main technical points are two. First we prove that H-nflat Higgs bundles
have a particular kind of filtrations, and then we apply a result given in [1] which states that
on a simply connected Calabi-Yau manifold a polystable Higgs bundle always has a vanishing
Higgs field.
We review the definition of H-nflat Higgs bundles. Let us remind that a line bundle L
on a smooth projective variety X is said to be numerically effective (nef, for short) if for
every irreducible curve C in X the inequality c1(L) · C ≥ 0 holds. A vector bundle E is
said to be nef if the tautological line bundle OPE(1) on the projectivization PE is nef (we
adopt the convention according to which the projectivization PE parameterizes rank one
locally free quotients of E, in the sense described for instance in [11] or [12]). E is said to be
numerically flat if it is nef, and the dual bundle E∨ is nef as well. One can also introduce the
Grassmann bundles associated with E: for every integer s such that 0 < s < rkE, the variety
Grs(E) is a bundle over X, whose fibres are the Grassmann varieties of the fibres of E, which
parameterizes the rank s locally free quotients of E. Of course Gr1(E) = PE. Denoting by
pis : Grs(E)→ X the projection, on each variety Grs(E) there is a universal quotient bundle
Qs of pi
∗
sE, which turns out to be numerically effective if E is numerically effective.
In [5] the Higgs Grassmannians Grs(E) of a Higgs bundle E = (E,φ) were introduced
as suitably defined closed subschemes of the Grassmann bundles Grs(E); again in the same
sense, they parameterize rank s locally free Higgs quotients of E. These Higgs Grassmannians
are used to provide a notion of Higgs numerically effective Higgs bundle, i.e., a generalization
of the notion of numerically effective vector bundles that is sensitive to the Higgs field, and
again, a Higgs bundle is Higgs numerically flat (H-nflat) if both E and its dual Higgs bundle
E∨ are Higgs numerically effective.
Now Conjecture 1.3 can be rephrased as follows:
Conjecture 1.4. If E = (E,φ) is an H-nflat Higgs bundle, then ci(E) = 0 for all i > 0.
(This fact is true for numerically flat vector bundles, see [10].) The easy fact that the two
forms of the Conjecture are equivalent is proved for instance in [6].
As we already anticipated, the main technical tool proved in this paper is the existence
of a special kind of filtrations of H-nflat bundles: indeed, Theorem 3.2 states that an H-nflat
bundle on a smooth projective variety has a filtration (which is a Jordan-Ho¨lder filtration)
whose quotients are locally free, stable and H-nflat. Also results from [2] will play an important
role; there in particular it is proved that kernel and cokernel of a morphism of H-nflat Higgs
bundles are themselves locally free and H-nflat.
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In [3] a notion of numerical effectiveness for Higgs bundles was given in terms of bundle
metrics: a Higgs bundle E which carries a metric which satisfies a suitable positiveness con-
dition is said to be 1-H-nef; and when that happens also for the dual bundle, we say that
E is 1-H-nflat. While 1-H-nefness can be shown to imply H-nefness, it is not clear whether
the opposite implication is true as well (on the other hand, the two notions are equivalent
for line bundles and for Higgs vector bundles on curves). In Section 5 we shall show, as an-
other application of the Theorem on the filtrations of H-nflat bundles, that on a Higgs variety
H-nflat bundles are 1-H-nflat, and actually that this property characterizes Higgs varieties
(thus, the fact the notions of H-nflatness and 1-H-nflatness coincide is still another form of
the Conjecture 1.3).
We conclude this introduction with the basic definitions about Higgs sheaves. Let X
be a smooth n-dimensional projective variety over the complex numbers, equipped with a
polarization H. The degree of a coherent OX -module F is the integer number
degF = c1(F ) ·H
n−1
and if F has positive rank, its slope is defined as
µ(F ) =
degF
rkF
.
Definition 1.5. A Higgs sheaf on X is a pair E = (E,φ), where E is a coherent sheaf on
X, and φ : E → E ⊗ Ω1X is a morphism of OX-modules such that φ ∧ φ = 0 (see eq. (1)). A
section s of E is φ-invariant if there exists a section λ of Ω1X such that φ(s) = s⊗λ. A Higgs
subsheaf of a Higgs sheaf (E,φ) is a φ-invariant subsheaf G of E, i.e., φ(G) ⊂ G ⊗ Ω1X . A
Higgs quotient of E is a quotient of E such that the corresponding kernel is φ-invariant. A
Higgs bundle is a Higgs sheaf whose underlying coherent sheaf is locally free.
If E = (E,φ) and G = (G,ψ) are Higgs sheaves, a morphism f : E → G is a homomor-
phism of OX-modules f : E → G such that the diagram
E
f
//
φ

G
ψ

E ⊗ Ω1X
f⊗id
// G⊗ Ω1X
commutes.
Definition 1.6. A torsion-free Higgs sheaf E = (E,φ) is semistable (respectively, stable) if
µ(G) ≤ µ(E) (respectively, µ(G) < µ(E)) for every Higgs subsheaf G = (G,ψ) of E with
0 < rkG < rkE. It is polystable if it is a direct sum of stable Higgs sheaves having the same
slope.
For future use, we remind that semistable Higgs sheaves admit Jordan-Ho¨lder filtrations;
i.e., if E is a semistable Higgs sheaf, there is a filtration in Higgs sheaves
0 = Fm+1 ⊂ Fm ⊂ · · · ⊂ F0 = E
4
whose quotients Fi/Fi+1 are stable and have all the same slope as E [16]. The associated
graded module
Grad(E) =
m⊕
i=0
Fi/Fi+1
is unique up to isomorphism.
Ackowledgements. We thank Valeriano Lanza for useful discussions and suggestions. Sup-
port for this research was provided by PRIN “Geometria delle varieta` algebriche” and INdAM-
GNSAGA. This paper was finalized while U.B. was visiting the Department of Mathematics
of Universidade Federal da Para´ıba, Joa˜o Pessoa, Brazil.
2 H-nflat Higgs bundles
In this section we remind the main definitions concerning Higgs numerically flat Higgs bundles.
Let E be a rank r vector bundle on a smooth projective variety X, and let 0 < s < r an integer
number. Let pis : Grs(E) → X be the Grassmann bundle parameterizing rank s locally free
quotients of E [11]. In the exact sequence of vector bundles on Grs(E)
0 // Sr−s,E
ψ
// pi∗sE
η
// // Qs,E // 0 (2)
Sr−s,E is the universal rank r− s subbundle of pi
∗
sE and Qs,E is the universal rank s quotient.
Let now E = (E,φ) be a rank r Higgs bundle on X. One defines closed subschemes
Grs(E) ⊂ Grs(E) as the zero loci of the composite morphisms
(η ⊗ Id) ◦ pi∗s(φ) ◦ ψ : Sr−s,E → Qs,E ⊗ pi
∗
sΩ
1
X .
The restriction of (2) to Grs(E) yields a universal exact sequence
0 // Sr−s,E
ψ
// ρ∗sE
η
// // Qs,E // 0,
where Qs,E = Qs,E|Grs(E) is equipped with the quotient Higgs field induced by the Higgs
field ρ∗sφ (here ρs = pis|Grs(E) : Grs(E) → X). The scheme Grs(E) enjoys the usual universal
property: a morphism of varieties f : T → X factors through Grs(E) if and only if the
pullback f∗E admits a locally free rank s Higgs quotient. In that case the pullback of the
above universal sequence on Grs(E) gives the desired quotient of f
∗E.
Definition 2.1. A Higgs bundle E = (E,φ) of rank one is said to be Higgs numerically
effective (H-nef for short) if E is numerically effective in the usual sense. If rkE ≥ 2, we
inductively define H-nefness by requiring that
(i) all Higgs bundles Qs,E are H-nef for all s, and
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(ii) the determinant line bundle detE is nef.
If both E and E∨ are Higgs numerically effective, E is said to be Higgs numerically flat (H-
nflat).
Definition 2.1 implies that the first Chern class of an H-nflat Higgs bundle is numerically
equivalent to zero. Note that if E = (E, φ), with E nef in the usual sense, then E is H-nef.
If φ = 0, the Higgs bundle E = (E, 0) is H-nef if and only if E is nef in the usual sense.
The following statement generalizes Proposition 1.2 (12) in [8] to H-nef Higgs bundles; it
will used below to prove the key Lemma of this paper. The proof is an easy adaptation of
that in [8].
Proposition 2.2. Let E = (E,φ) be an H-nef Higgs bundle on X and let E∨ = (E∨, φ∨) be
the dual Higgs bundle. If s is a φ∨-invariant section of E∨, then s has no zeroes.
Proof. Note that s defines a monomorphism of Higgs sheaves f : (OX , λ) → (E
∨, φ∨), where
φ∨(s) = s ⊗ λ and λ ∈ H0(X,Ω1X). Dualizing this monomorphism, one has a morphism of
Higgs sheaves f∨ : (E,φ)→ (OX , λ); if s has zeroes, then f
∨ has zeroes as well, and Im f∨ is
a proper Higgs subsheaf of (OX , λ), hence it has negative degree on some curve in X. This
contradicts the fact that E is H-nef.
3 Filtering H-nflat Higgs bundles
In this section, X will be a smooth projective variety over the complex numbers, equipped
with a fixed polarization, which in particular will be used to compute the degrees of the
various coherent sheaves considered.
The next Lemma is the key technical result of this paper.
Lemma 3.1. Let E = (E,φ) be an H-nflat Higgs bundle on X of rank r ≥ 2. If E is not
stable, it can be written as an extension
0 // F // E // Q // 0 (3)
where F and Q are locally free H-nflat Higgs bundles, and F is stable.
Proof. Note that E is semistable by Proposition A.8 of [4] and has degree zero. Let F = (F,ψ)
be a Higgs subsheaf of E of rank p, with 0 < p < r. As E is semistable of zero degree,
∧p
E is
semistable of zero degree as well [15, Corollary 3.8]. Let detF = (
∧p F )∨∨ be the determinant
of F , and let detF be the sheaf detF equipped with the naturally induced Higgs field. As
detF injects into
∧p
E (as Higgs sheaf), we have degF ≤ 0.
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We can assume that F is a reflexive Higgs subsheaf of E of minimal rank p > 0 with
degF = 0. Then F is stable. We have an exact sequence
0 // detF //
∧p
E // R // 0 (4)
where R = (R,χ) is the quotient Higgs sheaf. We use this to show that (detF )∨ is nef. Let
f : C → X be a morphism, where C is a smooth projective irreducible curve. Then f∗R
splits as R˜⊕ T , where R˜ is locally free and T is torsion. It is easy to check that T with the
restriction of the pullback Higgs field is a Higgs sheaf. Then R˜, again with the restriction
of the pullback Higgs field, is a Higgs bundle, and is a quotient of f∗ (
∧p
E); therefore it is
H-nef, and then deg f∗R ≥ 0. Then deg(f∗ detF ) ≤ 0, and since the choice of C is arbitrary,
(detF )∨ is nef.
Now by Lemma 3.13 in [3]1 one has c1(F ) = 0, and by Proposition 1.2.(9) in [8] det(F )
is numerically flat. Tensoring the exact sequence (4) by det−1 F one obtains a detψ∨ ⊗ φp-
invariant section σ : (OX , λ) → (detF)
∨ ⊗
∧p
E, where φp is the Higgs field of
p∧
E and
(detψ∨ ⊗ φp) (σ) = σ ⊗ λ. By Proposition 2.2, σ has no zeroes, that is, detF is a Higgs
subbundle of ∧pE; by Lemma 1.20 in [10] F is a Higgs subbundle of E. From all this, F is an
H-nflat Higgs bundle, and then by Proposition 3.7 in [2] the quotient Higgs sheaf Q is locally
free and H-nflat as well.
Theorem 3.2. An H-nflat Higgs bundle E = (E,φ) on a smooth projective variety X is
pseudostable (i.e., it has a filtration whose quotients are locally free and stable), and moreover
the quotients of the filtration are H-nflat.
Proof. We use Lemma 3.1 as the basis for an iterative proof. Note that in eq. (3) the Higgs
bundle Q, if it is not stable, satisfies the same hypotheses as E, so that it sits in an exact
sequence
0 // Q1 // Q // Q2 // 0
where Q1 and Q2 are locally free and H-nflat and Q1 is stable. By the snake Lemma we have
1Actually that result was already contained in the proof Corollary 1.19 in [10].
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a diagram
0

0

0

Q1

0 // F //

E //

Q //

0
0 // F1 //

E //

Q2 //

0
Q1

0 0
0
Note that again F1 is locally free and H-nflat by Proposition 3.7 in [2]. Now
0 ⊂ F ⊂ F1 ⊂ E
is a filtration whose quotients Q1 and Q2 are locally free and H-nflat; moreover, F and Q1
are stable. If Q2 is stable as well, the claim is proved. If it is not, we iterate the procedure,
until we get a quotient which is stable (possibly a line bundle). At step k we shall have the
diagram
0

0

0

Qk

0 // Fk−1 //

E //

Qk−1 //

0
0 // Fk //

E //

Qk+1 //

0
Qk

0 0
0
and if n is the last step we get a filtration
0 ⊂ F ⊂ F1 ⊂ · · · ⊂ Fn ⊂ E (5)
whose quotients Q1, . . . ,Qn+1 are locally free, stable and H-nflat.
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Corollary 3.3. If E = (E,φ) is an H-nflat Higgs bundle on a smooth projective variety X
such that all the quotients of the filtration (5) have rank 1, then ci(E) = 0.
2
Proof. Indeed c1(Qk) = 0 for all k ≥ 1 as each Qk is an H-nflat line bundle, so that ci(E) = 0
for all i.
Remark 3.4. By the uniqueness up to isomorphism of the Jordan-Ho¨lder filtration, (5) is a
Jordan-Ho¨lder filtration of E. △
4 The conjecture for Calabi-Yau manifolds
We prove that simply connected Calabi-Yau manifolds are Higgs varieties by proving the
Conjecture in the form of the Conjecture 1.4.
Theorem 4.1. If X is a simply connected Calabi-Yau variety, and E = (E,φ) is an H-nflat
Higgs bundle on it, then ci(E) = 0 for all i ≥ 1.
Proof. To compute the Chern classes of E, we can replace it with the graded module associated
to the filtration (5), i.e., we can assume that E is polystable and H-nflat. Then by the main
result in [1] (Corollary 2.6), φ = 0. So E is actually numerically flat as a vector bundle, and
then ci(E) = 0 [10].
This generalizes Theorem 6.4 of [6], where this result was proved for K3 surfaces.
Remark 4.2. Corollary 2.6 in [1] states that if E = (E,φ) is a polystable Higgs bundle on a
simply connected Calabi-Yau manifold, then φ = 0. If E is semistable, then the Higgs field on
the graded module of the Jordan-Ho¨lder filtration of E vanishes, but φ itself may be nonzero
(examples are given in [6]). △
5 Higgs varieties and special metrics
In [3], following the work of De Cataldo [9] for ordinary vector bundles, a notion of numerical
effectiveness for Higgs bundles was given in terms of bundle metrics. If E = (E,φ) is a Higgs
bundle, and h is an Hermitian metric on E, one defines the Hitchin-Simpson connection of
the pair (E, h) as
D(h,φ) = Dh + φ+ φ¯
where Dh is the Chern connection of the Hermitian bundle (E, h), and φ¯ is the metric adjoint
of φ defined as
h(s, φ(t)) = h
(
φ(s), t
)
2Heuristically, these are the H-nflat Higgs bundles that are the farthest from being stable.
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for all sections s, t of E. The curvature R(h,φ) of the Hitchin-Simpson connection defines a
bilinear form on TX ⊗ E, where TX is the tangent bundle to X, by letting
R˜(h,φ)(u⊗ s, v ⊗ t) =
i
2pi
〈
h
(
R
(1,1)
(h,φ)(s), t
)
, u⊗ v
〉
.
where R
(1,1)
(h,φ) is the (1, 1)-part of R(h,φ), and 〈 , 〉 is the scalar product given by the Ka¨hler
form associated with the given polarization of X.
Definition 5.1. A Higgs bundle E = (E,φ) on X is said to be
(i) 1-H-nef if for every ξ > 0 there exists an Hermitian metric hξ on E such that the
bilinear form
R˜(E,hξ) + ξω ⊗ hξ
is semipositive definite on all sections of TX ⊗E that, at every point x in their domain,
define a rank one tensor in (TX)x ⊗ Ex;
(ii) 1-H-nflat if both E and E∨ are 1-H-nef.
It was shown in [3] that 1-H-nef Higgs bundles are H-nef. The opposite implication is
known to hold for Higgs line bundles, and for Higgs bundles on curves; it is unknown whether
it holds in general. This fact is related to the Conjectures 1.3 and 1.4; indeed, it was shown
in [3] that Conjecture 1.4 holds if “H-nflat” is replaced by “1-H-nflat”.
Actually Theorem 3.2 implies the following result.
Theorem 5.2. The following conditions are equivalent.
(i) Every H-nflat Higgs bundle on the projective variety X is 1-H-nflat.
(ii) X is a Higgs variety.
Proof. The fact that condition (i) implies (ii) follows from the previous discussion. To prove
the opposite implication, let E = (E,φ) be an H-nflat Higgs bundle. The quotients Qk =
(Qk, φk) of the filtration in Theorem 3.2 are H-nflat, and since X is a Higgs variety, they
have vanishing Chern classes; moreover, as they are stable, they carry Hermitian-Yang-Mills
metrics, i.e., on each bundle Qk there is an Hermitian metric hk such that the mean curvature
K(hk,φk) of the Hitchin-Simpson connection vanishes [14]. Then we have
0 = −4pi2 ch2(Qk) =
∫
X
tr
(
R(hk,φk) ∧R(hk,φk)
)
∧ ωn−2 =
= γ1,k
∥∥R(hk,φk)∥∥2 − γ2,k ∥∥K(hk,φk)∥∥2 = γ1,k ∥∥R(hk,φk)∥∥2
for some positive constants γ1,k and γ2,k, where the norms are L
2-norms, and ω is the Ka¨hler
form. So all the Hitchin-Simpson curvatures of the Higgs bundlesQk vanish. Finally, Theorem
3.16 of [3] implies that E is 1-H-nflat.
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Remark 5.3. If we set the Higgs field to zero in Theorem 5.2, i.e., if we apply the Theorem to
ordinary bundles, we obtain that the notions of 1-numerical flatness and numerical flatness
coincide. △
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